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4U MOCK EXAM

2020 | HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

General * Reading time — 5 minutes
Instructions . Working time — 3 hours
+ Write using black pen
« Calculators approved by NESA may be used
* A reference sheet is provided at the back of this paper

* In Questions 11-16, show relevant mathematical reasoning
and/or calculations

Total marks: Section | - 10 marks (pages 2-6)

100 + Attempt Questions 1-10

» Allow about 15 minutes for this section

Section Il - 90 marks (pages 7-17)

« Attempt Questions 11-16
» Allow about 2 hours and 45 minutes for this section



Section |

10 Marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Q1-10

1 What is the value of (6 + 7i)?

A

B
C.
D

2 Which of the following is a primitive of

—13 + 84i

. =14+ 72i

13 — 84i

. 424/3 + 21i

x3

x2+1

x3+xIn |x—+1| + 2
x—1
8 —%lnlx2 +1|+5

2

%xz —%lnlx2 +1|+7

D. 1x2 —%lnlx2 +1|+3

2

3 Express the vector win terms of a, b, ¢

A

—a+b+c

.a—b—c
C.

.—a—b-—-c

a+b+c



4 Which of these integrals has the largest value?

A. [# tanxdx
B. [ tan®xdx
C. [#1—tanxdx

D. [# 1—tan®xdx

5 Simplify i202°

A i
B. -1
C.1
D. —i

6 Which expression is equal to f%
-1 (%43
A. sin ( . )+

7 Which is the logical equivalent statement to
“If I am in Mathematics class today, then I am in school”
“If I am in school today, then I am in Mathematics class”

“If I am not in school today, then I am not in Mathematics class”

“If I am not in Mathematics class, then [ am not in school today”

oo w»

“If I am in school today, then I am not in Mathematics class”



sec? x

— ax
(1+tanx)?2

8 Consider = [*,

T4

After an appropriate substitution, which of the following is equivalent to I?

21
A. Jb ;;ciu

B. [} ——du

(1+u)3

z 1
C. jjg;;du

il
D. f_§u3 du

9 A particle is dropped vertically in a medium where the resistance is v% If down is taken to

be the positive direction, the terminal velocity is

A g
k
B. ° /’”—"
g
c. ® /L
mg
3 |gk
D. |
m
6 . . .
10 ———— expressed as a sum of partial fractions is
2x%—=5x+2
2 4
A. -—
2x—-1 xX—2
2 4
B. —-
x-2 2x-1
2 4
C. -—
2x-1  x+2
4 2
D. -—
2x-1  x-2

End of Section |



Section 11

90 Marks
Attempt Questions 11-16
Allow about 2 hours 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your response should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

(@ Letz=4+6iandw =5+

0] Find z + w 1
(i) Express % in the form x + iy, where x and y are real numbers 2
- x3

© w= —9+3i

1-2i
Q) State the modulus of w 1
(i) State the argument of w 1
(iii) ~ Write w in mod-arg form 1

(d) By using the substitution w = z2 — z or otherwise, find in exact form the four
solutions of z* — 223 —22z2+3z—-4=0 z€C 4

(e) 2z2 —(3+8i)z—(m+4i)=0 =z€C

Given that m is a real constant, find two solutions of the above equation given further

that one of these solutions is real. 3

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

z CcoSs 2x
(a) Evaluate fozﬁdx 3

n2x

(b) Find the sum of
cos 8 + cos 260 + cos 30 + --- + cosnf 3

(c) A rectangular prism with side lengths 6,8 and 10 units has both ends of one of its

longest diagonals along the x — axis. Prove that all points on the surface of the prism

satisfy |z| < 5v2 3

(d) A square based pyramid has its base on the x — y plane, with its apex at A(0, 0, a).
The four triangles forming its sides are isosceles with sides in the ratio 2: 2: 1, the
short side being the bottom side. One of the four vertices of the square base is
B(b,b,0), where b > 0. Find b in terms of a.

B(b,b,0)

(e) Solve the quadratic equation
iz? —2v2z—-2V3 =0 z€C 4

Give answers in the form of x + iy, where x and y are exact real constants.

End of Question 12



Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) Prove for integer x, x? is divisible by 9 if and only if x is a multiple of 3.

(b) Prove the following statement is false

[2x+5|<9= x| <4
(c) Ifa > b > 0 forreal a and b, prove that 279" < 27b*

(d) Prove by induction for n > 2 that

4
B2 4t (-1 <= <134 25 440

(e) Evaluate [°,(x + x3 + x%)(1 +x2 + x*) dx

(f) Find [ 2= dx

End of Question 13



Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) A cube has opposite vertices at the origin and (2, 2, 2). State the equation of the four

diagonals. Are the diagonals perpendicular? 4

(b) A triangle has vertices A(0,0,0), B(0,2,4) and € (4,2,0). Find the equations of the

three medians and show that they are concurrent. 3

(c) A 20kg trolley is pushed with a force of 100 N. Friction causes a resistive force which

is proportional to the square of the trolley’s velocity.

2
Q) Show that ¥ =5 — kzlo where k is a positive constant. 2

(i) If the trolley is initially stationary at the origin, show that the distance

travelled when its speed is V' is given by

x=1k—oln( 100 ) 2

100-kV?2

(d) Prove the Harmonic Mean < the Geometric Mean < the Arithmetic Mean < the
Quadratic Mean for two numbers, mathematically,

’2 2
< /—absa-zl-bS a-zkb 4

2a
+

Sy

Q
o

End of Question 14



Question 15 (15 marks) Use the Question 15 Writing Booklet

(a) The take-off point O on a ski jump is located at the top of a downslope. The angle

between the downslope and the horizontal is %. A skier takes off from O with velocity

Vms~1 at angle @ to the horizontal, where 0 < 6 < g The skier lands on the

downslope at some point P a distance of D metres from 0.

y}\

=V

The flight path of the skier is given by x = Vtcos 8,y = —%gt2 + Vtsin 6, where t

is the time in seconds after take-off. (Do NOT prove this)

Q) Show that the cartesian equation of the flight path of the skier is given

by

y=xtan6—%sec29 2
(i) Showthat D = 2\/7%2 cos 8 (cos 6 + sin 0) 3
(ii)y  Show that 22 = 2vZ (cos 26 — sin 26) 3

(iv)  Show that D has a maximum value and find the value of 6 for which

this occurs.

Question 15 continues on the next page
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(b) Let I, = [ tan™ x dx for all integers n > 0

0] Show that I,, = ﬁ —I,_, forintegersn > 2

(i)  Hence find [} tan® x dx

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet

(@) You have three pegs and a collection of disks of different sizes. Initially all of the
disks are stacked on top of each other according to size on the first peg, i.e. the largest
disk being on the bottom and the smallest on top. A move in this game consists of
moving a disk from one peg to another, subject to the condition that a larger disk may
never rest on a smaller one. The objective of the game is to find a number of
permissible moves that will transfer all of the disks from the first peg to the third peg,
making sure that the disks are assembled on the third peg according to size. The
second peg is used as an intermediate peg. Prove that it takes 2" — 1 moves to move

n disks from the first peg to the third peg. 4

(b) A particle is moving in a medium where resistance to motion is proportional to the
square of velocity, so R = —kv?2. At some point in its flight x = 7ms~tand y =

24 ms~1.

Q) Use similar triangles to find the horizontal and vertical components of
resistance at the point, and prove that the total resistance and its

components satisfy Pythagoras’ Theorem. 3

(i) Show that the horizontal and vertical components at the point can be

found using R, = —kvx and R, = —kvy 2

(c) A body of unit mass is projected vertically upwards in a medium that has a constant

gravitational force g and a resistance 1”—0 where v is the velocity of the projectile at a

given time t. The initial velocity is 10(20 — g)

v

Q) Show that the equation of motion fo the projectile is % =—9-7

-11-



(i) Show that the time T for the particle to reach its greatest height is
i - 20
given byT—loln(g) 2

(iii) ~ Show that the maximum height H is given by
H = 2000 — 10g[10 + T] 2

(iv)  If the particle the falls from this height, find the terminal velocity in

this medium. 1

End of paper
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REFERENCE SHEET

Measurement Financial Mathematics
Length .-’|.=FI:I+.":|”
I = i w2
360
Sequences and series
Area
i — [
_1=ﬁxm— ﬂl—:e+{rr—liti
A=—fa+} S, ==[2a+(n—1)d] =a+1)
. _El{;+1] l“—z...: i —2:
Surface area T = gpt=!
M
A= 2ar" + 2rrh _
\ ) .:':[1—r"'} {J[J"'—|]
A= dxre 5, = I—r'.= 1 Ll
Volume
e
5= JE=1
v=Lan 17
3
4
V=—mr
3
Functions Logarithmic and Exponential Functions
— ‘: — - P |
v o= -b' | Ir.;' dac h.‘E“'I'I" =y = fl'l'. Ear
2a
_ B log, x
For ax + by~ +cx +d =0 Ingh_r— log, a
. lﬂ . -"i h
“ F=- i x vlma
e ia =&
af +ay+ fy==
{
and afiy = —:T
Relations
L R * -~
(x—h) +(v—k) =




Trigonometric Functions

. q
sinA = ﬂ. cosd =

yp hyp ' adj

adj

1 ,
A =—absinC
~ absin

a b
sind  sinB  sinC

e =a*+ b — 2abcosC
T = )
cos = atb —c
Laby
I =rf
A= lrz
2

Trigonomelric identities

secd = ,cosd =0

cos A

| .
cosecd = —— sind =0
sinA

oA = ':'_}HA L EimA 20
sin

bl - B
CosCx + sincy = |
Compound angles
sinlA + B} =sinAcos B + cosAsin B

cos(A + B)=cosAcos B —sinAsin B

tan A + tan &

tanf{d + B) = —————

J I —tanAtan &

A . 21
I ¢ =tan— then sind = 5
2 I+
11—
cosAd = -
1+

2

land =

-
=

cosAcos B = %[cm:[ﬂ — B + cosl{A + BJ]
sinA sin f = ELIL:mi[A —B)—coslA + E:I]
sinAcos B = %[sin[,-t + B} + sinf{A — E]]

cosAsin B = %[ﬁ.in[fi + B} — sinlA — HJ]

sin mx = %-[ I — cos 2ex)

cos e = 1?[ 1+ cos Znx)

Statistical Analysis

x— An outlier is a scora

o less than (Y — 1.5 = IQR
or

mora than (0, + 1.5 x JQR

Hormal distribution

R T 1 0 T
-3 =2 -l (1 I
= approximately 68% of scores have
I-sooras babwean —1 and 1
= approximately 95% of scores have
I-scores between —2 and 2
*  approximately 99.7% of scoras have
r-scoras batween —3 and 3

b
e

E(X)=p

3 >

Var(X) = E[(X — y)*] = E[X?) — *

Probalbility
P(A mB) = P(A) P(B)
PlAUB) = PA) + P(B) — P(4A 1 B)

(4 B)

PlA|B) = r P(B) CPB) =0

Continuous random variables

MY =r)= J‘ Fix)dx

h
P{{r{ﬂf{b}=j Filx)dx

Binomial distribution

P(X=r)="Cp(1-p)"™"

X ~ Binln, p)

= P{X=ux)
=(L)pi—prtx=0.1,

E(X)=np
VarlX) = npl1—p)



Differential Calculus Integral Calculus
Function Derivative 1 >
j' LA dx =—[A(O] +¢
v= S5 R P Pita
: 3 dx : % where n 2 —1
0 dy _dv du "
ot E““Z"" A JAx)sin f(x)dx =—cos f(x)+¢
J
y=gl{u) where u= f(x) ? =F % b ZJ -
TR A SAx)cos f(x)dx =sin f(x)+ ¢
du dh E
u dy "Z_"K -
T dx pe FAx)sec? f(x)dx =tan f(x)+c
J
. 2
y=sin f(x) d—'r=f(x)605f(-r) 5
} L(x)eVdx =Dy ¢
y=cos f(x) ?:—f’(.x)sinf{x) )
> ~
St _ f(x)d.\’=ln|f(x)|+c
y=tan f(x) e F(x)sec’ £(x) J flx)
B flx)
5 dy i g g (g &) I é
_‘.=¢,/[. ) = =f (")e.f( ) | SAx)a dx = +¢
o dy _Jf(x) ¢ 2 :
y=nzix) dx  f(x) Sx) - dx = sin"@+c
)N = [£(0)F
_‘.=af(.x) %=(lna)f’(x)aﬂ") .
- —de - ltan"Lx)-+ c
= Ay __f1x) Jar+[rf @
¥ =log, f(x) dx  (Ina)/(x)
[ dv du
e dy £(x) u—dx=uv— | v—dx
y=sin~! f{x) e ] dx f dx
dx ’l—[f(_l')r
(2]
= ana dy _ L (x) flx)dx
y=cos~ f(x) 2 - j
dx ’l _[f(x)].. )
, ~ 2281 pay+ £ (B)+ 2 A )+ -+ £(x)])
vy = tan-'f(x) ﬁ — Lr)‘ i
. dx 1+ f(x)] where a=x,and b=x,




Combinatorics

np !

rs (e —r)!

r 1
R

P —r)!

lx+alf' =x"+ I: T}.r"”a

+

N -
+{ }.1."‘ ‘a4 -+ a"
r)

wey =|ul|v]cos® =, + yyy,.
whare &= x,f+ ¥ 1

and ¥ = xaf + Vs

r=a+Ab

Complex Numbers
z=a+ib=ricos@ + isind)

= re
I.r'{-;:u!i &4 isin E}]" = r'"{cosnd® + {sinnd)

= eind

Mechanics

By _de_dv_d (1)
drs i av  odxl2 )

x=acosinr +a)l+c

x=asinlaf + @l + ¢

i=—n(x—c)
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