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Section I 

 
10 Marks 

Attempt Questions 1-10 

Allow about 15 minutes for this section 

 

Use the multiple-choice answer sheet for Q1-10 

 

 

1   What is the value of (6 + 7𝑖)2  

 

A. −13 + 84𝑖 

B. −14 + 72𝑖 

C. 13 − 84𝑖 

D. 42√3 + 21𝑖 

 

 

2    Which of the following is a primitive of 
𝑥3

𝑥2+1
  

 

A. 𝑥3 + 𝑥 ln |
𝑥+1

𝑥−1
| + 2 

B. 
1

2
𝑥3 −

1

2
ln|𝑥2 + 1| + 5 

C. 
1

2
𝑥2 −

1

3
ln|𝑥2 + 1| + 7 

D. 
1

2
𝑥2 −

1

2
ln|𝑥2 + 1| + 3 

 

 

3    Express the vector 𝒖 in terms of 𝒂, 𝒃, 𝒄  

 

 
 

A. −𝑎 + 𝑏 + 𝑐 

B. 𝑎 − 𝑏 − 𝑐 

C. 𝑎 + 𝑏 + 𝑐 

D. −𝑎 − 𝑏 − 𝑐 
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4    Which of these integrals has the largest value?  

 

A. ∫  tan 𝑥
𝜋

4
0

𝑑𝑥 

B. ∫  tan2 𝑥
𝜋

4
0

𝑑𝑥 

C. ∫  1 − tan 𝑥
𝜋

4
0

𝑑𝑥 

D. ∫  1 − tan2 𝑥
𝜋

4
0

𝑑𝑥 

 

 

5    Simplify 𝑖2020  

 

A. 𝑖 

B. −1 

C. 1 

D. −𝑖 

 

 

6    Which expression is equal to ∫
𝑑𝑥

√7−6𝑥−𝑥2
   

 

A. sin−1 (
𝑥+3

2
) + 𝑐 

B. sin−1 (
𝑥+3

4
) + 𝑐 

C. sin−1 (
𝑥−3

2
) + 𝑐 

D. sin−1 (
𝑥−3

4
) + 𝑐 

 

 

7     Which is the logical equivalent statement to  

 

“If I am in Mathematics class today, then I am in school” 

 

A. “If I am in school today, then I am in Mathematics class” 

B. “If I am not in school today, then I am not in Mathematics class” 

C. “If I am not in Mathematics class, then I am not in school today” 

D. “If I am in school today, then I am not in Mathematics class” 
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8    Consider 𝐼 = ∫   
sec2 𝑥

(1+tan 𝑥)2 𝑑𝑥
𝜋

4

−
𝜋

4

  

After an appropriate substitution, which of the following is equivalent to 𝐼? 

 

A. ∫
1

𝑢2

2

0
𝑑𝑢 

B. ∫
1

(1+𝑢)3

2

0
𝑑𝑢 

C. ∫
1

𝑢

𝜋

4

−
𝜋

4

𝑑𝑢 

D. ∫
1

𝑢3

𝜋

4

−
𝜋

4

𝑑𝑢 

 

 

9    A particle is dropped vertically in a medium where the resistance is 
𝑘

𝑣3
. If down is taken to      

be the positive direction, the terminal velocity is  

 

A. √
𝑚𝑔

𝑘

3
 

B. √
𝑚𝑘

𝑔

3
 

C. √
𝑘

𝑚𝑔

3
 

D. √
𝑔𝑘

𝑚

3
 

 

 

10     
6

2𝑥2−5𝑥+2
 expressed as a sum of partial fractions is  

 

A. 
2

2𝑥−1
−

4

𝑥−2
 

B. 
2

𝑥−2
−

4

2𝑥−1
 

C. 
2

2𝑥−1
−

4

𝑥+2
 

D. 
4

2𝑥−1
−

2

𝑥−2
 

 

 

 

End of Section I 
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Section II 

 
90 Marks 

Attempt Questions 11-16 

Allow about 2 hours 45 minutes for this section 

 

Answer each question in the appropriate writing booklet. Extra writing booklets are available. 

 

In Questions 11-16, your response should include relevant mathematical reasoning and/or 

calculations.  

 

 

Question 11 (15 marks) Use the Question 11 Writing Booklet 

 

(a)  Let 𝑧 = 4 + 6𝑖 and 𝑤 = 5 + 𝑖 
 

(i) Find 𝑧 + �̅�        1 

(ii) Express 
𝑧

𝑤
 in the form 𝑥 + 𝑖𝑦, where 𝑥 and 𝑦 are real numbers 2 

 

(b) Find ∫
𝑥3

√1+𝑥2
𝑑𝑥          2 

 

 

(c) 𝑤 =
−9+3𝑖

1−2𝑖
 

 

(i) State the modulus of 𝑤      1 

(ii) State the argument of 𝑤      1 

(iii) Write 𝑤 in mod-arg form      1 

 

 

(d) By using the substitution 𝑤 = 𝑧2 − 𝑧 or otherwise, find in exact form the four 

solutions of  𝑧4 − 2𝑧3 − 2𝑧2 + 3𝑧 − 4 = 0  𝑧 ∈ ℂ                                                   4 

 

            

(e) 2𝑧2 − (3 + 8𝑖)𝑧 − (𝑚 + 4𝑖) = 0 𝑧 ∈ ℂ 

 

Given that 𝑚 is a real constant, find two solutions of the above equation given further 

that one of these solutions is real.                   3 

  

      

 

 

       

 

     End of Question 11  
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Question 12 (15 marks) Use the Question 12 Writing Booklet 

 

(a) Evaluate ∫
cos 2𝑥

2−sin 2𝑥

𝜋

2
0

𝑑𝑥                                                                                                3 

 

 

 

(b) Find the sum of 

cos 𝜃 + cos 2𝜃 + cos 3𝜃 + ⋯ + cos 𝑛𝜃                                 3 

 

         

(c) A rectangular prism with side lengths 6, 8 𝑎𝑛𝑑 10 units has both ends of one of its 

longest diagonals along the 𝑥 − 𝑎𝑥𝑖𝑠. Prove that all points on the surface of the prism 

satisfy |𝑧| ≤ 5√2                                                                                                        3 

 

 

(d) A square based pyramid has its base on the 𝑥 − 𝑦 plane, with its apex at 𝐴(0, 0, 𝑎). 

The four triangles forming its sides are isosceles with sides in the ratio 2: 2: 1, the 

short side being the bottom side. One of the four vertices of the square base is 

𝐵(𝑏, 𝑏, 0), where 𝑏 > 0. Find 𝑏 in terms of 𝑎. 

 

 
 

            2 

 

(e) Solve the quadratic equation 

 

𝑖𝑧2 − 2√2𝑧 − 2√3 = 0 𝑧 ∈ ℂ                                       4 

 

 Give answers in the form of 𝑥 + 𝑖𝑦, where 𝑥 and 𝑦 are exact real constants.            

 

             

     End of Question 12  
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Question 13 (15 marks) Use the Question 13 Writing Booklet 

 

(a) Prove for integer 𝑥, 𝑥2 is divisible by 9 if and only if 𝑥 is a multiple of 3.  2 

 

 

 

(b) Prove the following statement is false 

 

 

|2𝑥 + 5| ≤ 9 ⟹ |𝑥| ≤ 4                                            2 

  

        

 

(c) If 𝑎 > 𝑏 > 0 for real 𝑎 and 𝑏, prove that 2−𝑎2
< 2−𝑏2

    2 

 

 

 

(d) Prove by induction for 𝑛 ≥ 2 that 

 

13 + 23 + ⋯ + (𝑛 − 1)3 <
𝑛4

4
< 13 + 23 + ⋯ + 𝑛3   4 

    

          

 

(e) Evaluate ∫ (𝑥 + 𝑥3 + 𝑥5)(1 + 𝑥2 + 𝑥4)
2

−2
𝑑𝑥     2 

 

 

 

 

(f) Find ∫
𝑥2

√4−𝑥2
𝑑𝑥         3 

 

 

 

 

 

     End of Question 13  
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Question 14 (15 marks) Use the Question 14 Writing Booklet 

 

(a) A cube has opposite vertices at the origin and (2, 2, 2). State the equation of the four 

diagonals. Are the diagonals perpendicular?                                                             4  

 

 

 

 

(b) A triangle has vertices 𝐴(0,0,0), 𝐵(0,2,4) and 𝐶(4,2,0). Find the equations of the 

three medians and show that they are concurrent.     3 

 

 

 

 

(c) A 20kg trolley is pushed with a force of 100 N. Friction causes a resistive force which 

is proportional to the square of the trolley’s velocity. 

 

(i) Show that �̈� = 5 −
𝑘𝑣2

20
 where 𝑘 is a positive constant.  2 

 

(ii) If the trolley is initially stationary at the origin, show that the distance 

travelled when its speed is 𝑉 is given by 

 

𝑥 =
10

𝑘
ln (

100

100−𝑘𝑉2)                                      2

    

 

 

(d) Prove the Harmonic Mean ≤ the Geometric Mean ≤ the Arithmetic Mean ≤ the 

Quadratic Mean for two numbers, mathematically, 

 

2𝑎𝑏

𝑎+𝑏
≤ √𝑎𝑏 ≤

𝑎+𝑏

2
≤ √

𝑎2+𝑏2

2
                                                   4 

 

        

 

     End of Question 14  
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Question 15 (15 marks) Use the Question 15 Writing Booklet 

 

 

(a) The take-off point 𝑂 on a ski jump is located at the top of a downslope. The angle 

between the downslope and the horizontal is 
𝜋

4
. A skier takes off from 𝑂 with velocity 

𝑉𝑚𝑠−1 at angle 𝜃 to the horizontal, where 0 ≤ 𝜃 <
𝜋

2
. The skier lands on the 

downslope at some point 𝑃 a distance of 𝐷 metres from 𝑂. 

 

 
  

The flight path of the skier is given by 𝑥 = 𝑉𝑡 cos 𝜃, 𝑦 = −
1

2
𝑔𝑡2 + 𝑉𝑡 sin 𝜃, where 𝑡 

is the time in seconds after take-off. (Do NOT prove this) 

 

(i) Show that the cartesian equation of the flight path of the skier is given 

by 

 

𝑦 = 𝑥 tan 𝜃 −
𝑔𝑥2

2𝑉2 sec2 𝜃                                                  2

      

 

(ii) Show that 𝐷 = 2√2
𝑉2

𝑔
cos 𝜃 (cos 𝜃 + sin 𝜃)                                     3 

 

 

(iii) Show that 
𝑑𝐷

𝑑𝜃
= 2√2

𝑉2

𝑔
(cos 2𝜃 − sin 2𝜃)                                         3 

 

 

 

(iv) Show that 𝐷 has a maximum value and find the value of 𝜃 for which 

this occurs. 

 

Question 15 continues on the next page 
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(b) Let 𝐼𝑛 = ∫  tan𝑛 𝑥
𝜋

4
0

𝑑𝑥 for all integers 𝑛 ≥ 0 

 

(i) Show that 𝐼𝑛 =
1

𝑛−1
− 𝐼𝑛−2 for integers 𝑛 ≥ 2                                   3 

 

 

 

(ii) Hence find ∫  tan5 𝑥
𝜋

4
0

𝑑𝑥                                                                     2 

 

 

    

     End of Question 15  
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Question 16 (15 marks) Use the Question 16 Writing Booklet 

 

(a) You have three pegs and a collection of disks of different sizes. Initially all of the 

disks are stacked on top of each other according to size on the first peg, i.e. the largest 

disk being on the bottom and the smallest on top. A move in this game consists of 

moving a disk from one peg to another, subject to the condition that a larger disk may 

never rest on a smaller one. The objective of the game is to find a number of 

permissible moves that will transfer all of the disks from the first peg to the third peg, 

making sure that the disks are assembled on the third peg according to size. The 

second peg is used as an intermediate peg. Prove that it takes 2𝑛 − 1 moves to move 

𝑛 disks from the first peg to the third peg.      4 

 

 

 

(b) A particle is moving in a medium where resistance to motion is proportional to the 

square of velocity, so 𝑅 = −𝑘𝑣2. At some point in its flight �̇� = 7𝑚𝑠−1 and �̇� =

24 𝑚𝑠−1. 

 

(i) Use similar triangles to find the horizontal and vertical components of 

resistance at the point, and prove that the total resistance and its 

components satisfy Pythagoras’ Theorem.    3 

 

 

 

(ii) Show that the horizontal and vertical components at the point can be 

found using 𝑅𝑥 = −𝑘𝑣�̇� and 𝑅𝑦 = −𝑘𝑣�̇�    2 

 

 

 

(c) A body of unit mass is projected vertically upwards in a medium that has a constant 

gravitational force 𝑔 and a resistance 
𝑣

10
, where 𝑣 is the velocity of the projectile at a 

given time 𝑡. The initial velocity is 10(20 − 𝑔) 

 

(i) Show that the equation of motion fo the projectile is 
𝑑𝑣

𝑑𝑡
= −𝑔 −

𝑣

10
 

 

1 
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(ii) Show that the time 𝑇 for the particle to reach its greatest height is 

given by 𝑇 = 10 ln (
20

𝑔
)                                                                     2 

 

 

(iii) Show that the maximum height 𝐻 is given by                                    

𝐻 = 2000 − 10𝑔[10 + 𝑇]                                                                 2 

 

 

(iv) If the particle the falls from this height, find the terminal velocity in 

this medium.        1 

 

 

 

End of paper 
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